Recently, Piri and Kumam [Fixed Point Theory and Applications 2014, 2014:210] improved concept of F -contraction and proved some Wardowski and Suzuki type …xed point results in metric spaces. The aim of this article is to de…ne generalized GF -contraction and establish Wardowski and Suzuki type …xed point results in metric and ordered metric spaces and derive main results of Piri et al. as corollaries. We also deduce certain …xed and periodic point results for orbitally continuous generalized F -contractions and certain …xed point results for integral inequalities are derived. Moreover, we discuss some illustrative examples to highlight the realized improvements.
Introduction and Preliminaries
In 1922, Banach established the most famous fundamental …xed point theorem (the so-called the Banach contraction principle [1] ) which has played an important role in various …elds of applied mathematical analysis. It is known that the Banach contraction principle has been extended in many various directions by several authors (see [2] - [28] ). One of the interesting results was given by Suzuki [27] which characterize the completeness of underlying metric spaces. He introduced a weaker notion of contraction and discussed the existence of some new …xed point theorems . Wardowski [29] introduced a new contraction called F-contraction and proved a …xed point result as a generalization of the Banach contraction principle. Abbas et al. [3] further generalized the concept of Fcontraction and proved certain …xed and common …xed point results. Hussain et al. [12] introduced --GF -contractions and obtained …xed point results in metric spaces and partially ordered metric spaces. They also established Suzuki type results for such GF-contractions. Recently Piri et al. [21] described a large class of functions by replacing condition (F 3 0 ) instead of the condition (F 3) in the de…ntion of F-contraction introduced by Wardowski [29] . In this paper, we improve the results of Hussain et al. [12] by replacing general conditions (F 2 0 ) and (F 3 0 ) instead of the conditions (F 2) and (F 3): We begin with some basic de…nitions and results which will be used in the sequel.
In 2012, Samet et al. [16] introduced the concepts of --contractive and -admissible mappings and established various …xed point theorems for such mappings de…ned on complete metric spaces. Afterwards Salimi et al. [15] and Hussain et al. [8, 10, 11] modi…ed the notions of --contractive andadmissible mappings and established certain …xed point theorems.
De…nition 1 [16] Let T be a self-mapping on X and : X X ! [0; +1) be a function. We say that T is an -admissible mapping if x; y 2 X; (x; y) 1 =) (T x; T y) 1:
De…nition 2 [15] Let T be a self-mapping on X and ; : X X ! [0; +1) be two functions. We say that T is an -admissible mapping with respect to if x; y 2 X; (x; y) (x; y) =) (T x; T y) (T x; T y):
Note that if we take (x; y) = 1 then this de…nition reduces to De…nition 1. Also, if we take, (x; y) = 1 then we say that T is an -subadmissible mapping.
De…nition 3 [10] Let (X; d) be a metric space. Let ; : X X ! [0; 1) and T : X ! X be functions. We say T is an --continuous mapping on (X; d), if, for given x 2 X and sequence fx n g with x n ! x as n ! 1; (x n ; x n+1 ) (x n ; x n+1 ) for all n 2 N =) T x n ! T x:
Example 4 [10] Let X = [0; 1) and d(x; y) = jx yj be a metric on X. Assume, T : X ! X and ; : X X ! [0; +1) be de…ned by
; (x; y) = 8 < :
0; otherwise and (x; y) = x 2 . Clearly, T is not continuous, but T is --continuous on (X; d).
A mapping T : X ! X is called orbitally continuous at p 2 X if lim n!1 T n x = p implies that lim n!1 T T n x = T p. The mapping T is orbitally continuous on X if T is orbitally continuous for all p 2 X.
Remark 5 [10] Let T : X ! X be a self-mapping on an orbitally T -complete metric space X. De…ne, ; : X X ! [0; +1) by (x; y) = 3; if x; y 2 O(w) 0; otherwise and (x; y) = 1
where O(w) is an orbit of a point w 2 X. If, T : X ! X is an orbitally continuous map on (X; d), then T is --continuous on (X; d).
Fixed point results for --GF -contractions
Wardowski [29] introduced and studied a new contraction called F -contraction to prove a …xed point result as a generalization of the Banach contraction principle.
De…nition 6 Let F : R + ! R be a mapping satisfying the following conditions:
Consistent with Wordowski [29] , we denote by z the set of all functions F : R + ! R satisfying conditions F 1 ; F 2 and F 3 .
where F 2 z.
Hussain et al. [12] generalized the results of Wordowski [29] by intoducing G set of functions G : R
(G) for all t 1 ; t t ; t 3 ; t 4 2 R + with t 1 t 2 t 3 t 4 = 0 there exists > 0 such that G(t 1 ; t 2 ; t 3 ; t 4 ) = :
They also given some example of such functions.
Example 8 [12] if G(t 1 ; t 2 ; t 3 ; t 4 ) = L minft 1 ; t 2 ; t 3 ; t 4 g + where L 2 R + and > 0, then G 2 G :
Example 9 [12] if G(t 1 ; t 2 ; t 3 ; t 4 ) = e L minft 1 ; t 2 ; t 3 ; t 4 g where L 2 R + and > 0, then G 2 G :
On the other hand Secelean [24] proved the following lemma and replaced condition (F 2 ) by an equivalent but a more simple condition (F 2 0 ):
Lemma 11 Let F : R + ! R be an increasing map and f n g 1 n=1 be a sequence of positive real numbers. Then the following assertions hold:
He replaced the following condition.
Very recently Piri et al. [21] utilized the following condition (F 3 0 ) instead of (F 3 ) in De…nition (6) .
( De…nition 12 Let (X; d) be a metric space and T be a self-mapping on X: Also suppose that ; : X X ! [0; +1) be two functions. We say T is an GF -contraction if for x; y 2 X with (x; T x) (x; y) and d(T x; T y) > 0, we have
First, we prove the main result of Hussain et al. [12] by replacing conditions (F 2 ) and (F 3 ) with (F 2 0 ) and (F 3 0 ):
Theorem 13 Let (X; d) be a complete metric space. Let T : X ! X be a self-mapping satisfying the following assertions:
(i) T is -admissible mapping with respect to ;
(ii) T is --GF -contraction;
Then T has a …xed point. Moreover, T has a unique …xed point when (x; y) (x; x) for all x; y 2 F ix(T ). Proof. Let x 0 2 X such that (x 0 ; T x 0 ) (x 0 ; T x 0 ). For such x 0 , we de…ne the sequence fx n g by x n = T n x 0 = T x n 1 : Now since, T is -admissible mapping with respect to then, (x 0 ; x 1 ) = (x 0 ; T x 0 ) (x 0 ; T x 0 ) = (x 0 ; x 1 ). By continuing this process we have,
for all n 2 N. If there exist n 0 2 N such that x n0 = x n0+1 ; then x n0 is …xed point of T and we have nothing to prove. Hence, we assume, x n 6 = x n+1 or d(T x n 1 ; T x n ) > 0 for all n 2 N. Since, T is --GF -contraction, so we have
From (2.4), we deduce that
(2.6) Since F 2 z ; so by taking limit as n ! 1 in (2.6) we have,
Now, we claim that fx n g 1 n=1 is a Cauchy sequence. We suppose on the contrary that fx n g 1 n=1 is not Cauchy then we assume there exists " > 0 and sequences fp(n)g 1 n=1 and fq(n)g 1 n=1 of natural numbers such that for p(n) > q(n) > n; we have
for all n 2 N: So, by triangle inequality and (2.8), we have
By taking the limit and using inequality (2.7), we get
Also, from (2.7) there exists a natural number n 0 2 N such that
for all n n 0 : Next, we claim that
for all n n 0 : We suppose on the contrary that there exists m n 0 such that
Then from (2.10),(2.11) and (2.12), we have
which is a contradiction , so (2.11) holds. Thus
which implies,
Since G is continuous, so from (F 3 0 ); (2:9) and (2:13), we get
Which is a contradiction. Thus fx n g is a Cauchy sequence. Completeness of X ensures that there exist x 2 X such that, x n ! x as n ! 1: Now since, T is --continuous and (x n 1 ; x n ) (x n 1 ; x n ), so
That is, x = T x : Thus T has a …xed point. Let x; y 2 F ix(T ) where x 6 = y: Then from
which is a contradiction. Hence, x = y: Therefore, T has a unique …xed point.
Combining Theorem 13 and Example (8) we deduce the following Corollary.
Corollary 14 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions:
(ii) for x; y 2 X with (x; T x) (x; y) and d(T x; T y) > 0 we have,
where > 0 and F 2 z .
(iii) there exists x 0 2 X such that (x 0 ; T x 0 ) (x 0 ; T x 0 );
Then T has a …xed point. Moreover, T has a unique …xed point when (x; y) (x; y) for all x; y 2 F ix(T ).
Theorem 15 Let (X; d) be a complete metric space. Let T : X ! X be a self-mapping satisfying the following assertions:
(i) T is a -admissible mapping with respect to ;
holds for all n 2 N.
Then T has a …xed point. Moreover, T has a unique …xed point whenever (x; y) (x; x) for all x; y 2 F ix(T ).
Proof. Let x 0 2 X such that (x 0 ; T x 0 ) (x 0 ; T x 0 ). As in proof of Theorem 13 we can conclude that (x n ; x n+1 ) (x n ; x n+1 ) and x n ! x as n ! 1
where, x n+1 = T x n . So, from (iv), either
holds for all n 2 N. This implies,
holds for all n 2 N. Equivalently, there exists a subsequence fx n k g of fx n g such that
and so from (2.17) we deduce that,
By taking limit as k ! 1 in the above inequality we get, d(x ; T x ) = 0; i:e:, x = T x : Uniqueness follows similarly as in Theorem 13. Combining Theorem 15 and Example (8) we deduce the following Corollary.
Corollary 16 Let (X; d) be a complete metric space. Let T : X ! X be a self-mapping satisfying the following assertions:
(iii) there exists x 0 2 X such that (x 0 ; T x 0 ) (x 0 ; T x 0 ); (iv) if fx n g be a sequence in X such that (x n ; x n+1 ) (x n ; x n+1 ) with x n ! x as n ! 1, then either
Then T has a …xed point. Moreover, T has a unique …xed point when (x; y) (x; x) for all x; y 2 F ix(T ).
If in Corollary 16 we take (x; y) = (x; y) = 1 for all x; y 2 X, then we deduce main result of Piri et al. [21] as corollary.
Corollary 17 (Theorem 2.1 of [21] ) Let (X; d) be a complete metric space and T : X ! X be a self-mapping. If for x; y 2 X with d(T x; T y) > 0 we have,
where > 0 and F 2 z . Then T has a …xed point.
Example 18 Let X = [0; +1). We endow X with usual metric. De…ne, T : X ! X, ; : X X ! [0; 1), G : R
(T x; T y): That is, T is -admissible mapping with respect to . If fx n g is a sequence in X such that (x n ; x n+1 ) (x n ; x n+1 ) with x n ! x as n ! 1. Then, T x n ; T 2 x n ; T 3 x n 2 [0; 1] for all n 2 N. That is,
hold for all n 2 N. Clearly, (0; T 0) (0; T 0). Let, (x; y) (x; T x). Now, which implies,
Hence, T is --GF -contraction mapping. Thus all conditions of Corollary 16 ( and Theorem 15) hold and T has a …xed point. Let x = 0, y = 2 and > 0: Then,
That is Theorem 2.1 of [21] can not be applied for this example.
Recall that a self-mapping T is said to have the property P if F ix(T n ) = F (T ) for every n 2 N.
Theorem 19 Let (X; d) be a complete metric space and T : X ! X be an -continuous self-mapping. Assume that there exists > 0 such that
1. For such x 0 , we de…ne the sequence fx n g by x n = T n x 0 = T x n 1 : Now since, T is -admissible mapping, so (x 1 ; x 2 ) = (T x 0 ; T x 1 ) 1. By continuing this process, we have (x n 1 ; x n ) 1 for all n 2 N. If there exists n 0 2 N such that x n0 = x n0+1 = T x n0 , then x n0 is …xed point of T and we have nothing to prove. Hence, we assume,
Therefore,
By taking limit as n ! 1 in above inequality, we have, lim n!1 F d(x n ; x n+1 ) = 1, and since, F 2 z we obtain,
for all n 2 N: So, by triangle inequality and (2.21), we have
By taking the limit and using inequality (2.20), we get
On the other hand, from (2.20) there exists a natural number n 0 2 N such that
Then from (2.24),(2.25) and (2.26), we have
which is a contradiction. Thus
established. Which further implies that
From (F 3 0 ); (2:23) and (2:28), we get
Which is a contradiction. Thus we proved that fx n g is a Cauchy sequence. Completeness of X ensures that there exists x 2 X such that, x n ! x as n ! 1: Now since, T is -continuous and (x n 1 ; x n ) 1 then, x n+1 = T x n ! T x as n ! 1: That is, x = T x : Thus T has a …xed point and F (T n ) = F (T ) for n = 1. Let n > 1: Assume contrarily that w 2 F (T n ) and w = 2 F (T ). Then, d(w; T w) > 0: Now we have,
By taking limit as n ! 1 in the above inequality we have, F (d(w; T w)) = 1. Hence, by (F 2 0 ) we get, d(w; T w) = 0 which is a contradictions. Therefore, F (T n ) = F (T ) for all n 2 N. Let (X; d; ) be a partially ordered metric space. Recall that T : X ! X is nondecreasing if 8x ; y 2 X; x y ) T (x) T (y) and ordered GF -contraction if for x; y 2 X with x y and d(T x; T y) > 0, we have
where G 2 G and F 2 z . Fixed point theorems for monotone operators in ordered metric spaces are widely investigated and have found various applications in di¤erential and integral equations (see [2, 4, 9, 10, 13, 14] and references therein). From Theorems 13-19, we derive following new results in partially ordered metric spaces.
Theorem 20 Let (X; d; ) be a complete partially ordered metric space. Assume that the following assertions hold true:
(i) T is nondecreasing and ordered GF-contraction;
(ii) there exists x 0 2 X such that x 0 T x 0 ;
(iii) either for a given x 2 X and sequence fx n g x n ! x as n ! 1 and x n x n+1 for all n 2 N we have T x n ! T x or if fx n g is a sequence such that x n x n+1 with x n ! x as n ! 1, then either T x n x; or T 2 x n x holds for all n 2 N.
Then T has a …xed point.
Theorem 21 Let (X; d; ) be a complete partially ordered metric space. Assume that the following assertions hold true:
(i) T is nondecreasing and satis…es (2.19) for all x 2 X with d(T x; T 2 x) > 0 where F 2 z and > 0;
(ii) there exists x 0 2 X such that x 0 T x 0 ; (iii) for a given x 2 X and sequence fx n g x n ! x as n ! 1 and x n x n+1 for all n 2 N we have T x n ! T x:
Then T has a property P .
As an application of our results proved above, we deduce certain SuzukiWardowski type …xed point theorems. for all x; y 2 X. Now, since
for all x; y 2 X, so (x; y) (x; y) for all x; y 2 X. That is, conditions (i) and (iii) of Theorem 13 hold true. Since T is continuous, so T is --continuous. Let, (x; T x) (x; y) with d(T x; T y) > 0: Equivalently, if where > 0, L 0 and F 2 z . Then T has a unique …xed point.
Theorem 25 Let (X; d) be a complete metric space and T be a self-mapping on X. Assume that there exists > 0 such that for all x; y 2 X where > 0. Now, since,
for all x; y 2 X, so (x; y) (x; y) for all x; y 2 X. That is, conditions (i) and (iii) of Theorem 15 hold true. Let, fx n g be a sequence with x n ! x as n ! 1: Assume that d(T x n ; T 2 x n ) = 0 for some n. Then T x n = T 2 x n . That is T x n is a …xed point of T and we have nothing to prove. Hence we assume, T x n 6 = T 2 x n for all n 2 N. Since,
and so from (F 1 ) we get,
Assume there exists n 0 2 N such that,
then,
so by (2.32) we have,
which is a contradiction. Hence, either
holds for all n 2 N. That is condition (iv) of Theorem 15 holds. Let, (x; T x) (x; y). So, : Let X = fS n : n 2 Ng and d (x; y) = jx yj : Then (X; d) is a complete metric space. De…ne the mapping T : X ! X by,
Let us consider the mapping F (t) = 1 t +t, we obtain that T is F -contraction, with = 12:
To see this, let us consider the following calculations. First observe that
For 1 = n < m; we have Thus from (2.33) and (2.34), we get
For every m; n 2 N with m > n > 1; we have Since m > n > 1; we have (2m 1)(2m) (2n+2)(2n+1) > (2n+2)(2n+2) = 2n(2n+2)+2(2n+2) 2n(2n+2)+12:
We know that 1 (2n 1)(2n) + ::: + (2m 3)(2m 2) < 1 (2n + 1)(2n + 2) + ::: + (2m 1) (2m) : So from (2.37) and (2.38), we get
Hence all the conditions of Theorem (25) are satis…ed and S 1 is a unique …xed point of T .
Applications to orbitally continuous mappings
Theorem 27 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions: which implies, T is --GF -contraction mapping. Hence, all conditions of Theorem 13 hold true and T has a …xed point. If F ix(T ) O(w), then, (x; y) (x; y) for all x; y 2 F ix(T ) and so from Theorem 13 T has a unique …xed point.
Corollary 28 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions:
(i) for x; y 2 O(w) with d(T x; T y) > 0 we have,
where > 0 and F 2 z ;
(ii) T is orbitally continuous.
Then T has a …xed point. Moreover, T has a unique …xed point when
Corollary 29 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions: (ii) T is orbitally continuous.
Then T has a …xed point. Moreover, T has a unique …xed point when F ix(T ) O(w).
In our next result, we prove improved version of Theorem 4 of [3] .
Theorem 30 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions:
(ii) T is an orbitally continuous function.
Then T has the property P . (ii) T is an orbitally continuous function;
Theorem 34 Let (X; d) be a complete metric space and T : X ! X be a self-mapping satisfying the following assertions: (ii) T is an orbitally continuous function.
Then T has the property P .
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